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Abstract:

In this paper, we prove a smoothing effects for a transport diffusion model, with a
fractional dissipation, and in the Besov spaces B3, given in Definition 2.2.4. We will use
the technic of [12].
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1 Introduction

In this paper, we are concerned with the initial value problem of the 2D dissipative quasi-
geostrophic model

9.0 +v-V0 +(ID|*+ D0 = f
(1.1) divv =0,
Olt=0 = 6o,
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where 6 is the scalar function represents the potential temperature and the parameter
a € [0,1]. The 2D velocity field v = v(x, t), x € R?, t € R,, is determined by Riesz
transform R;, Vi = 1,2 of 6, that is

The differential operator v - V is defined respectively by

v.V=Y% v;0;

The fractional differential operator |D| = (—A)z is defined by its Fourier transform
F(Dlw) = [§]F(w),

and the operator div v is defined by

2
divv = z o',
i=1

The first equation of (1) serves as a 2D models arising in geophysical fluid dynamic [11]
and the second equation div v = 0, describe the incompressibity of the fluid.

This equation has been intensively investigated and much attention is carried to the
problem of global well-posedness. For the sub-critical case (o > 1) the theory seems to be
in a satisfactory state. Indeed, global existence and uniqueness for arbitrary initial data
are established in various function spaces (see for example [6]). However the critical and
super-critical cases, corresponding respectively to « = 1 and a < 1, are harder to deal
with. In the super-critical case @ < 1, we have until now only global results for small
initial data, see for instance [2] and [10]. For critical case « = 1, Constantin, C"ordoba
and Wu showed in [5] the global existence in Sobolev space H! under smallness
assumption of L* norm of 8, but the uniqueness is proved for initial data in H?2.
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The main goal of this work is to establish a smoothing effect for a transport diffusion
model in the critical case, that is when the initial data belong to the homogeneous critical
Besov space.

Theorem 1.1
Let f € Li,.(Ry, BY,) and v be a smooth divergence free vector field of R? such that
v € L},.(R,, Lip(R?). We consider also a smooth solution 8 of the transport-diffusion
equation (1.1), with a = % Let also 6, € B3 ;. Then there exists a positive constant
¢, and such that

1617059, < ce® (16ollag, + 1 ll25s, ),

where,
t
V() = j Vo (D)l dr.
0

The paper is organized as follows. In section 2, we give some definitions and recall
some functional spaces. Section 3 is devoted to recall some well-known results, that will
be need in the next section. In section 4, we prove our main result (Theorem 1.1).

2 Technical Tools

In this section, we recall some notations and some functional spaces as a Lebesgue space
LP, and Besov space and some results used in the paper.

2.1 Notation

e We denote by C any positive constant than will change from line to line and C; a
real positive constant depending on the size of the initial data.

e Forany A and B, we say that A < B, if there exist a constant C > 0 such that A <
CB.
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e The space Cy is the space of all continuous function.
2.2 Some functional spaces

This subsection is devoted to recall some functional spaces and some important results.
Definition 2.2.1

A continuous map f: X — Y is homeomorphism, if it is bijective and its inverse is
continuous.

Definition 2.2.2

We define the flow associate to the velocity v by the following:

t

Y(t,x) =x+ f v(t,Y(r)dt

0

Definition 2.2.3

we define the usual Lebesgue space LP (R%),p € [1, +oo], by the space of all function f
such that:

1

Ifllr = j FGOPdx | < oo,
Rd

and for p = oo, we say that f € L™, if

|f |z = supy|f (x)| < oo.

[48]
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We need the definition of Besov space. We define the dyadic decomposition of the full

space R? and recall the Littlewood-Paley operators, see for example [1] and [3]. There
exist two nonnegative radial functions y € D(R?) and ¢ € D(R?/{0}) such that :

X +Xg00(2798) =1, VEER?

D 0(27%) = L,v¢ € R/{0},

qEZ
lp —ql = 2= supp p(27P.) N upp (279.) = ¢,
q=1=suppyn upp (274.) = o¢.

Let h = F'¢ and h = F~1y , the frequency localization operators Agand S, are
defined by :

Aqf = @(27D)f, Sqf = x(27D)f
A_if = Sof, Agf =0 forq<-2.
The homogeneous operators are defined as follows
VqE€Z Ayf =¢(279D)f.

We recall now the definition of Besov spaces, see [1] and [3].

Definition 2.2.4 (Besov space)
Lets € Rand 1 < p < co. The inhomogeneous Besov space B, ,- defined by:

B» ={f € S®?): lIfllg, < oo},

where S is the Schwartz space and
[49]
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Ifllsg, = (221180 £1,5) -

The homogeneous norm :

Ifllsg, = (22184 f,) -
Definition 2.2.5
LetT > 0 and p > 1, we denote by L‘;B;,r the space of distribution f such that

1fless, = || @218 £l )er

< +00,
L7

Besides the usual mixed space L? rBp.r» We also need Chemin-Lerner space Lp + Which

defined as the set of all distributions f satisfying

I/ llzs5, = || 29°180f 1 0,

Lemma 2.2.1 (Holder inequality)

< 400,
o

If (f,g) belongsto L? x L2 for any (p,q,r) € [1,0]3, and such that

% = % + $ then fg belongs to L"and satisfies

Ifgllr < NIflleellgllLe.
The following lemma is needed in the proof of our main result see [1] for a proof.

Lemma 2.2.2 (Gronwall’s lemma)

Let f is a nonnegative continuous function on [0, t], a is a real number and let A be a
continuous function on [0, t]. Suppose also that:

[50]
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t

f®)<a +fA(T)f(T)dT.

0
Then we have,
t

ft) <aexp JA(T)dT :

0

3 Some well known results

In this section, we recall some well-known results, that will be need in the next. Firstly,
we give the Bernstein inequalities. This inequality, proved in [3] for any tempered
distribution u, and the first author S. Sulaiman [13] and [14], proved the same inequality

but for the bloc dyadic S, and A,,.
Lemma 3.1 (Bernstein lemma)

There exists a constant C > 0 such that for all g € Z, k € N and for every tempered

distribution u we have,

supag-ellons,ull, = 2 sl bzaz1 @

CT2%(|Aqu|| o < supig=k||0*Aqu| o < C*29*||Aqu]| . (2.2)

The following lemma is useful to our result, see [9], for a proof.
Lemma 3.2
Let f be any function in Schwartz class and y a diffeomorphism preserving Lebesgue

measure, then for all p € [1,+], and forall j,q € Z, we have

[51]
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14; g fop) ||, < c2U=al||vpeU ]| S[A.f]],, .
with

a(j,q) = sign(j — q).

The following result is proved in [3] and [9].

Lemma 3.3
Let u any smooth function in the Besov space B3 ;, and v be a divergence free vector
field of R2. Then we have

ZH[Aq,v. V], S 1Vollelullg,.

q€Z
The proof of the following result can be found in [9].
Proposition 3.1
If f € B, such that « € [0,1[, and let ¥ be a Lipschitz measure-preserving
homeomorphism on R%. Then there exists a positive constant C,, depend only on «, and
such that
11D1% (Fo ) — UDI“F) 0 Yll,2 < Ce"OV(©)2%|fll 2,
with
V(@) = 190l gy
The following result describes the action of the semi group operator e ~t/?1“on
distribution, whose Fourier transform is supported in a ring, see [1], [8] and [9].
Proposition 3.2

[52]
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Letp € [1,+],and t,@ € R,. Then there exists a positive constant c such that for any
q €N,

le=P¥agv]|,, < e |[aqv]|

P’
where the constants ¢ and C, depend only on the dimension d.

The following can be found in [4] and [7].

Proposition 3.3

Let v be a smooth divergence free vector field. Let also f be a smooth function and 6 is

a smooth solution of (1.1). Then for every p € [1, o] we have

18O lw < 1186110 + f IF@llpd.
0

4 Proof of our main result

We intend now to prove our main result. For this, we use a new approach based on
Lagrangian coordinates combined with paradifferential calculus. The idea of the proof will
be done in the spirit of [7] and [12]. First, we prove the smoothing effects for a small
interval of time depending of vector v, but it depends not on the initial data.

In the second step, we proceed to division in time thereby extending the estimate at any
time arbitrary chosen positive.

4.1 Local estimates

We localize in frequency the evolution equation, and rewriting the equation in Lagrangian
coordinates.

Let g € N, then the Fourier localized function A6 satisfies

[53]
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£, (8.0) + Ay (v.V0) + A, (|D|§ + 1) 0 =Af
Using now the notation [ A, ,v.V |6 = A,(v.V6) — v.VA,6, We get
A(0.V0) =2, ,v.V]0+v.V A0
This gives that

000+ v. VA0 +[8g,v.7]0+ (1D +1) 8,0 = A, f.

Therefore
0000+ v.V A0 +(IDI+1) A0 = Ay f— A, 0.V ]0:=F,

From Proposition 3.3, we have

[4,6®)]| - + ||Aq9(t)||i2 < [[ag6l,» + Lt”Fq(r)”Lz dr.
Since we have

[8,6®)],> < ||Aq9(t)||L2 + ||Aq9(t)||i2 < [|ag6oll » + Lt||Fq(r)||L2 dr.
Therefore
‘
18,6 < 18480l . + jo |7 @2 de.

Summing over g, yields

t
D lIae6@l =Y 800l + [ Y @I, de
q q 0 q

This gives that,

[54]
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t
1615g, < 10ollag, + 1fllzas, +C [ D" {80716, o
0 q

Therefore, by using Lemma 3.3, we get

t
1811zzo58, < 18oll5, + Ifll 250, +C jo Vo (D)l 110105, d.
Using Lemma 2.2.2, to obtain
t
”9”1',?321 <C (”90”321 + “f”L%Bgl) ecf(,”Vv(T)”Lood‘r.

Let us now introduce the flow v, of the regularized velocity v,

Yq(t, x) =x+Jv T,Y4(7, x)
0

We set

0q(t, ) = A O(t (X)) and  Fy(t,x) = Fy (£:40(6x))

Then we have,

0.6, + (|D|% + I) 6, = F, + (|D|% + I) (4,6 0 9,)

- ((|D|§ +1) Aq9> o := F} (4.1)
Since the flow preserves Lebesgue measure, then we obtain
17l 2 < ll2afll 2 + lAg vVl (42)
Using now Proposition 3.1, we find that for g € Z
|1D (Fow) = (IDEf) 09| , < Ce@v@22fllz, V() = 17wl
This gives that,

[55]
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”(ID|§ + 1) (A0 09,) — <(|D|§ + 1) Aqe) 0 P,

LZ
< Ce OV (2|80, (43)
Combining (4.2) and (4.3), we obtain

— 1
177 |2 < 18qf |2 + ll[aq v-¥16] , + Ce©OVDI22]]A,6]] .

q
< [[8afll 2 + [ag v-v]o| , + Ce©2z]|Az0] ..
Now, we will again localize in frequency the equation (4.1) through the operator 4; , j €
Z
- 1 —_ —
0:; 0 + (1D +1) A, 0, = A,

where
— — 1 1
AFL = AF, + ((IDlE +1) (846 01,) — <(|D|5 +1) Aq9> o¢q>.

Using Duhamel formula,
t

1 1
8, 8,(6%) = e (PE+)a 00 4 j )5 F (oyar
0
t

+fe‘“‘”('”'%“)Aj <(|D|§ +1) (846 01h,) - <(|D|% +1) Aq9> o¢q> dr

0

Taking the L? norm, of the above equality, we get

[56]
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1
18,1, < |le 7= ) a8

dt

L2

e—(t-f)(w'%”)Aj <(|DI% + I) (8,6 0y) — ((IDI% + 1) Aqe) 0 lpq)

Using Holder inequality 2.2.1 and Proposition 3.2, we find

t 1
—(-D)(IDI2+1) , =
+fHe gl )Aqu(r)
Lz

t

y

0

dr.

LZ
_ J t i
18,0, < Co=e 081, + € [ =0 [agf @)
0

t _
n, f e=o=022|[a,, v.7]0(D)]| Ldr
0

i rt
+C eCV(ﬂzzf

e—c(t—‘r)z% ”Aqg(’[) ||L2 dt
0

Therefore,

18,8l e = € (18,6200 + Naf 1) + g w710,

+CeV 02 |[A,0]] 00 (44)

LPL?
Let N € N be a fixed number that will be chosen later, and since the flow 1 preserves
Lebesgue measure then we write

||Aq6||L<t>°L2 = ”éq”chLz
= Z|j—q|2N”Aj9q”L‘r’r°Lz
+Z A6
|j—q|<N|| ) Q||L‘;°L2

=1+1I.

[57]
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If j —q = N, it follows from (4.4) and by using Proposition 3.2 that,

80, < € 2SI )
t

LPL?

< c2704leV® ||a, 0|

LPL?
Therefore, we get

I<C27Ve®|a 0 (4.5)

LPL?

For the terme 11,

11=z A6yl o s
|f—Q|<N|| J CI”Lt 12

we use (4.4), to get

J
H<c ||Aqe?0||L2 + ||Aqf||L%L2 +||[2g, v- 17]6v||L%L2 +CeV®2z A0 (4.6)

LPL?

This gives in view of (4.5) and (4.6), that
||Aq9||LgoL2 <I+II

Thus
18660y 277V 86]] 2 + (126001
18 f e + 180,076 50 + e ©25]40] o
Therefore,
18660 e = 18801, + [27 + 25 e [0

+1a0f N + S lI[2e v 716 @ || ptz.

Now, we claim that there exists two constants N € N and C; such that if V(t) < C,, then
[58]
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1
27N 2<—
Tesor

To show this, we take first ¢t such that V(t) < 1, which is possible since tlir(§1+ V(t) =0.

j
Second, we choose N in order to get 27V + 2z < % By taking again V (t) sufficiently

small, then under this assumption V(t) < C;, we obtain for g > —1,

t
1000255 = 18680l + 8 g+ [ B 0710 e 47)

summing over g, and using Lemma 3.3 and for V(t) < C,, we find

t
1011250, < CllBollsg, + Clifllzpg, +C j IVl 11z, d.
0
Using Lemma 2.2.2, yields

t
1611z059, < C (116ollpg, + lIfllzpp, ) eI @li=dr  (4.8)

Therefore, the result is proved for small time.
4.1.2 Globalization
Let us now see how to extend this for an arbitrary positive time T. We take a partition (
TN, of the interval, [0, T] such that
[ IVl dT ~ Co, ¥ i € [0,N]..

Reproducing the same argument of (4.8), we obtain

Tiya
||9||mm+11320,1 < ClOT)Izg, + J If (g, dr.

T;

Summing these estimates on i = 1, to i = N, and using triangle inequality, gives

[59]
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N-1
T
16l zp, < C ZIIB(Ti)IIBg,l + CJ If(Tllgg, dT.
i=0 0

Thus
||9||z%033’1 <CN (”90”331 + ”f”LerS,l) e CV(T).
It suffices to choose N such that CN = V(t), then
||9||z<%033,1 < V(t) (”90“321 + ||f||L%Bg’1) e CV(T).
Therefore, we get
161122050, < Ce< ™ (160llng, + Iflli3n9, ).

This is the desired result, and the proof of the theorem is now complete.

Conclusion

We have proved a smoothing effects for a transport diffusion model in space dimension
two. For this, we used the concept of the flow associated to the velocity and a new
approach based on Lagrangian coordinates combined with paradifferential calculus.
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